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Recursive Functions of Symbolic Expressions and
Their Computation by Machine, Part 1

JouN McCartuy, Massachusetls Institute of Technology, Cambridge, Mass.

" 1. Introduction

A programming system called LISP (for LISt Processor)
has been developed for the IBM 704 computer by the
Artificial Intelligence group at M.L'T. The system was
designed to facilitate experiments with a proposed system
called the Advice Taker, whereby a machine could be
instructed to handle declarative as well as imperative
sentences and could exhibit “‘common sense’ in carrving
out its instructions. The original proposal [1] for the Advice
Taker was made in November 1938. The main require-
ment was a programming system for manipulating ex-
pressions representing formalized declarative and impera-
tive sentences so that the Advice Taker system could make
deductions.

In the course of its development the Lisp svstem went
through several stages of simplification and eventually
came to be based on a scheme for representing the partial
recursive functions of a certain ekuss of symbolic expres-
sions. This representation is independent of the IBM 704
computer, or of any other electroric computer, and it now
seems expedient to expound the svstem by starting with
the class of expressions called S-expressions and the func-
tions called S-functions.

In this article, we first describe a formalism for defining
functions recursively. We believe this formalism has ad-
vantages both as a programming kanguage and as vehicle
for developing a theory of computation. Next, we describe
S-expressions and S-functions, give some examples, and
then describe the universal S-function apply which plays
the theoretical role of a universal Turing machine and
the practical role of an interpreter. Then we deseribe the
representation of S-expressions in the memory of the
IBM 704 by list structures similar to those used by Newell,
Shaw and Simon [2], and the representation of S-functions
by program. Then we mention the main features of the
Lisp programming system for the IBM 704. Next comes
another way of describing computations with symbolic
expressions, and finally we give a recursive function in-
terpretation of flow charts.

We hope to describe some of the symbolic computations
for which Lisp has been used in another paper, and also to
give elsewhere some applications of our recursive function
formalism to mathematical logic and to the problem of
mechanical theorem proving.
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2. Functions and Function Definitions

We shall need a number of mathematical ideas 4.
notations concerning functiors in general. Most of ¢
ideas are well known, but the notion of conditional exp
sion is believed to be new, and the use of conditip.
expressions permits functions to be defined recursively i -
new and convenient way. A

a. Partial Functions. A partial function is a fuper
that is defined only on part of its domain. Partial funey;
necessarily arise when functions are defined by comp-
tions because for some values of the arguments the eog..
tation defining the value of the function may net .
minate. However, ~ome of our elementary functions wj; .
defined as partial functions.

b. Propositional Erpressions and P’redicates. A Prop -
tional expression is an expression whose possible vt
are T (for truth) and F (for falsity). We shall a5 -
that the reader is familiar with the propositional eoq-
tives A (“and”), \VV (*‘or”’), and ~ (“not”). Ty
propositional expressions are:

X<y
(x<y)A(b=c¢)
X is prime

A predicate is a function whose range consists of .
truth values T and F.

c. Conditional Expressions. The dependence of i~
values on the values of quantities of other kinds j; .
pressed in mathematics by predicates, and the depen,:
of truth values on other truth values by logical .
tives. However, the notations for expressing symho!;.
the dependence of quantitics of other kinds on ;.
values is inadequate, so that English words and pp.
are generally used for expressing these dependenw.
texts that describe other dependences symbolically.
example, the function | x|is usually defined in .

Conditional expressions are a device for expressing
dependence of quantities on propositional quantitie
conditional expression has the form

(pl—'elv""pn—’en)

where the p’s are propositional expressions and the ,',
expressions of any kind. It may be read, “If p, the.
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We now give the rules for determining whether the value
of (pp—€, ", Pa—€n)is defined, and if so what its
value is. Examine the p’s from left to right. If a p whose
value is T is encountered before any p whose value is

- undefined is encountered, then the value of the conditional

expression is the value of the corresponding ¢ (if this is

3 defined). If any undefined p is encountered hefore a true p,

~ orif all p’s are false, or if the e corresponding to the first
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! grue p is undefined, then the value of the conditional ex-
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. pression is undefined. We now give examples.
(1<2—4122—>3) =1
2<1—42>1—32>1—2) =3
2<1—4,T—3)=3

C el md T3 =3

-4

. 2<1—-3,T— g) is undefined

(2 < I3 3TN is undefined

Some of the simplest applications of conditional expres-

i . gions are in giving such definitions as

B |x|=(x<0—>-x,T—x)

v e (x) = (x<0—-1,x=0-0T—1)

d. Recursive Function Definitions. By using conditional

F  expressions we can, without circularity, define functions

:

by formulas in which the defined function occurs. For
. exsample, we write

p: n=Mm=0—->1,T—n-(n—1)!)

¥

- 3

¥ expression Was defined, the meaningless expression

P
S
e
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When we use this formula to evaluate 0! we get the answer
s 1; because of the way in which the value of a conditional

0-(0—1)! does not arise. The evaluation of 2! according
to this definition proceeds as follows:

2=2=0—-1,T—2-(2-1))

2-1!
2(1=0—1,T—1:(1 = 1))
= 2-1-0!

=21-(0=0—-1,T—0-(0—-1)!)
= 2-1-1
=2 ] SLSpEc O

. We now give two other applications of recursive fune-

f-‘ﬁm definitions. The greatest common divisor, ged(m,n),

E 7

g .

7t o tWo positive integers m and n is computed by means of

" tbe Euclidean algorithm. This algorithm is expressed by

e

the recursive function definition:

ged(mn) (m > n-- ged(n,m), rem(n,m)

=0— m, T — gcd(l‘em(n,m),m))

where rem(n, m) denotes the remainder left when n is
divided by m.

The Newtonian algorithm for obtaining an approximate
square root of a number a, starting with an initial approxi-
mation r and requiring that an acceptable approximation
y satisfy | y* — a| < ¢ may be written as

sqrt(a, X, €)
=(x*—a| <e—x,T—sqrt (_a,% (x + g).e))

The simultaneous recursive definition of several func-
tions is also possible, and we shall use such definitions if
they are required.

There is no guarantee that the computation determined
by a recursive definition will ever terminate and, for
example, an attempt to compute n! from our definktion
will only succeed if n is a non-negative integer. If the com-
putation does not terminate, the function must be regarded
as undefined for the given arguments.

The propositional connectives themselves can be de-
fined by conditional expressions. We write

pPAq=(p—q, T—F)

pVaq=(p—T,T—aq)
~p=(p=F,T—T)
p2q=(p—q,T—T)

It is readily seen that the right-hand sides of the equa-
tions have the correct truth tables. If we consider situa-
tions in which p or ¢ may be undefined, the connectives
A and V are seen to be noncommutative. For example if
p is false and q is undefined, we see that according to the
definitions given above p A q is false, but q A\ p is unde-
fined. For our applications this noncommutativity is
desirable, since p /\ q is computed by first computing p,
and if p is false q is not computed. If the computation for
p does not terminate, we never get around to computing q.
We shall use propositional connectives in this sense here-
after.

e. Functions and Forms. It is usual in mathematics—
outside of mathematical logic—to use the word ‘‘function”
imprecisely and to apply it to forms such as y' + x. Be-
cause we shall later compute with expressionsfor functions,
we need a distinction between functions and forms and a
notation for expressing this distinction. This distinction

and _a notation for deseribing it, from which we deviate

trivially, is given by Church [3].

Let f be an expression that stands for a function of two
integer variables. It should make sense to write f(3, 4) and
the value of this expression should be determined. The
expression y° + x does not meet this requirement;
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¥ + x(3, 4) is not a conventional notation, and if we
attempted to define it we would be uneertain whether its
value would turn out to be 13 or 19. Church calls an expres-
sion like y* + x a form. A form can be converted into a
function if we can determine the correspondence between
the variables occurring in the form and the ordered list of
urguments of the desired function. This is accomplished
by Church’s A-notation.

If €is a form in variables x,, +« -, x., then A(xp, oo,
Xa), &) will be taken to be the function of n variables whose
value is determned by substituting the arguments for the
variables x, , -+ -, x, in that order in & and evaluating the
resulting expression. For example, A((x,y),y*+x) is a
function of two variables, and \( () ¥ +x)(3,4) = 19.
. The variables occurring in the list of variables of a \-ex-
pression are dummy or bound, like variables of integration
in a definite integral. That is, we may change the names
of_the. bound. variables in a function expression without
changing the value of the expression, provided that we
muke the same change for each occurrence of the variable
and do not make two variables the same that previously
were different. Thus A((x.y'),_\""+x),)\((u,\'), vi4u) and
A((y, x), X’+¥) denote the same funetion.

We shall frequently use expressions in which some of the
variables are bound by M’s and others are not. Such an ex-
pression may be regarded as defining a function with
purameters. The unbound variables are called free vuri-
ables.

An adequate notation that distinguishes functions from
formx allows an unambiguous treatment of functions of
functions. It would involve too much of a digression to give
examples here, but we shall use functions with functions as
arguments later in this report.

Difficulties arise in combining functions deseribed by
A-expressions, or by any other notation involving variables,
becuuse different bound variables may be represented by
the same symbol. This is called collision of bound vari-
ables. There is a notation involving operators that are
called combinators for combining functions without the use
of variables. Unfortunately, the combinatory expressions
for interesting combinations of functions tend to be lengthy
and unreadable.

f. Expressions for Recursive Functions. The A-notation is
inndequate for naming functions detined recursively. For

~example, using \’s, we can convert the definition

Sql't(a,x,e) _
=(|x*-a|< ¢—-x,'1‘—>sqrt(a,;(x +$),e))

into

— e Sqrt = M(ayx,6), ([x* — & < e— x;, T—

sart (a, é(x +5,0

but the right-hand side cannot serve as an expression for
the function because there would be nothing to indicate
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that the reference to sqrt within the expression stood fop the
expression ax a whole,

In order to be able to write expressions for recursijye
functions, we introduce another notation label(a,g) do.
notes the expression &, provided that occurrences of ,
within & are to be interpreted as referring to the eXpressioy
as a whole. Thus we can write

label(sqrt, M(a, x, ), (| x2 — a|
. 1
<e—x, T —sqrt (a, 2(x + .—:),g))))

ax a name for our sqrt funection.

The symbol a in label(a,8) is also bound, that is, it
may be altered systematically without changing the meap.
ing of the expression. It behaves differently from a Variable
bound by a A, however.,

3. Recursive Functions of Symbolic Expressions

We shall first define a class of symbolic expressions i
terms of ordered pairs and lists. Then we shall define five
elementary functions and predicates, and build from them
by composition, conditional expressions, and recursive
definitions an extensive class of functions of which we
shall give a number of examples. We shall then show how
these functions themselves can be expressed as symboli
expressions, and we shall define a universal funetion apply
that allows us to compute from the expression for a give,
function its value for given arguments. Finally, we shy
define some functions with functions as arguments and
give some useful examples.

a. .1 Class of Symbolic Erpressions. We shall now define
the S-expressions (8 stands for symbolic). They are formed
by using the special charaeters

)
(

and an infinite set of distinguishable atomic symbols, Fq,
atomic symbols, we shall use strings of capital Latin letter
and digits with single imbedded blanks. Examples ¢
atomic symbols are

A
ABA
APPLE PIE NUMBER 3

There is a twofold reason for departing from the usug]
mathematical practice of using single letters for atom,
symbols. First, computer programs frequently requin
hundreds of distinguishable symbols that must be formeq
from the 47 characters that are printable by the IB)[ ()
computer. Second, it is convenient to allow English wopg,
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S-expressions are then defined as follows:

1. Atomic symbols are S-expressions,

2. If e, and e are S-expressions, =0 is (e;-€s).
Examples of S-expressions are

AB
(A-B)
((AB-C)-D)

An S-expression is then simply an ordered pair, the
& terms of which may be atomic symbols or simpler S-expres-
. gions. We can represent a list of arbitrary length in terms
e of S-expressions as follows. The list

4

(m;,nl;,--- y Mp)

: 43 is represented by the S-expression

(my- (me- (- - - (ma-NIL)- - -

)))

3 Here NIL is an atomic symbol used to terminate lists,

OBy

Since many of the symbolic expressions with which we
. deal are conveniently expressed as lists, we shall introduce

&= 4 list notation to abbreviate certain S-expressions. We have

&

1. (m) stands for (m-NIL).
, My) stands for (my-(---(m,-NIL)---)).
, My-X) stands for (my- (- (mp-x)---)).

" Subexpressions can be similarly abbreviated.
: examples of these abbreviations are

1 ((AB, C), D) for ((AB-(C-NIL))-(D-NIL))
((A;, B), C. D-E) for ((A-(B-NIL))-(C-(D-E)))

Since we regard the expressions with commas as abbre-
viations for those not involving commas. we shall refer to

Some

' them all as S-expressions.

b. Functions of S-expressions and the Frpressions That
: Rlpresent Them. We now define a class of funections of
s.ev(pressnons The expressions representing these fune-

§: tions are written in a conventional functional notation.

However, in order to clearly distinguish the expressions
F representing functions from S-expressions, we shall use
. gequences of lower-case letters.for function names and
. variables ranging over the set of S-expressions. We also
- use brackets and semicolons, instead of parentheses and

'. * ecommas, for denoting the application of functions to their
% grguments. Thus we write

car [x]

car [cons [(A-B); x]]

[n these M-expressions (meta-expressions) any S-expres-
sions that occur stand for themselves.

0y 1

rds
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1b-
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¢. The Elementary S-functions and Predicates. We intro-
duce the following functions and predicates:

1. atom.  atom [x] has the value of T or F, accordingly
45 x is an atomic symbol or net. Thus

gom [X] =T
* stom [(X-A)] =

2. eq. ¢q [x; y] is defined if and only if both x and y
are atomic. eq [x; y] = T if x and y are the same symbol,
and eq [x; y] = F otherwise. Thus

cqX;X] =T
eqX; A =F .
eq [X; (X-A\)] is undefined.

3. car.
ear [(e;-e2)]

car [x] is defined if and only if x is not atomic.
= ¢, . Thus car [X] is undefined.

car [(X-\)] = X
car [((X-A\)-Y)] = (X-A)

4. cdr. edr [x] is also defined when x is not atomic.
We have cdr [(e;-¢2)] = e:. Thus edr [X] is undefined.

cdr [(X-A)] = A
edr [((X-A)-Y)] =

5. couns. cons [x; y] is defined for any x and y. We
have cons [e; ; e2] = (e,-e;). Thus

cons [X; A] = (X:A)
cons [(X-\); Y] = ((X:A)-Y)

car, cdr, and eons are easily seen to satisfy the relations

car [cons [x; y]] =
edr [eons [x; vl = ¥

cous [ear [x]; edr [x]] = x, provided that x is not atomie.

The names *‘car’” and “cons” will come to have mne-
monie significance only when we discuss the representation
of the system in the computer. Compositions of car and edr
give the subexpressions of a given expression in a given
position. Compositions of cons form expressions of a given
structure out of parts. The class of functions which can be
formed in this way is quite limited and not very interesting.

d. Recursive S-functions. We get a much larger class of
functions (in fact, all computable functions) when we
allow ourselves to form new functions of S-expressions by
conditional expressions and recursive definition.

We now give some examples of functions that are de-
finable in this way.

1. T [x]. The value of ff [x] is the first atomic symbol
of the S-expression x with the parentheses ignored. Thus

ff [((A-B)-C)] =
We have
ff [x] =

We now trace in detail the steps in the evaluation of
ff [((A-B)-C)]:

ff {(((A-B)-C)]
= [atom [((A-B)-C)] = ((A-B)-C);
T — ff [car [((A-B)-O)]l]
= [F— ((A'B)-C); T —fi [car [((A-B)-C)]}}
= [T — ff [car [((A-B)-O)]]]

[atom [x] — x; T — fT [car (x]]]
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= ff [car [((A-B)-C)])

= f [(A-B)]

= [atom [(A-B)] = (A-B); T — ff [car [(A-B)]]]
= [F — (A-B); T —ff [car [(A-B)]]]

= [T — ff [car [(A-B)]]

= ff [car [(A-B)]] -

= ff [A]

= [atom [A] = A; T — ff [car [A]]]

= [T — A; T —  [car [A]]

= A

2. subst [x; y; z]. This function gives the result of
substituting the S-expression x for all occurrences of the
atomic symbol y in the S-expression z. It is defined by

subst [x;y; z] = [atom [z] — [eq [z; y] = x; T — z];
T — cons [subst [x; y; car [z]]; subst [x; y; cdr [2]]]]
As an example, we have
-subst ((X-A); B; ((A-B)-C)] = ((A-(X-A))-C)

3. equal [x; y]. This is a predicate that has the value
T if x and y are the same S-expression, and has the value
F otherwise. We have

equal [x; y] = [atom (x] A atom [y] A eq [x; y]]
Vv [~gtom [x] A\ ~atom [y] A\ equal [car [x]; car [y]]
/\ equal [edr [x]; cdr [y]]]

It is convenient to see how the elementary functions
look in the abbreviated list notation. The reader will
easily verify that

(i) car [(ml, me, -, mn)] =m
(ii) wr[(ml,mlr 59y
(iii) edr [(m)] = NIL

(iv) cons [my ; (mg, -

!mn)] = (mzy' ¥ 7mll)

2 ,mn)] = (ml)nlz’ Y )ml)
(v) cons [m; NIL] = (m)
We define

null [x] = atom [x] A eq [x; NIL]

This predicate is useful in dealing with lists.

Compositions of car and cdr arise so frequently that
many expressions can be written more concisely if we
abbreviate

cadr [x]
caddr (x]

Another useful abbreviationisto write list [ey jez ; - - - ea)
for cons [e; ; cons [ez ; - - - ; cons [ea ; NIL]- - -]]. This func-
tion gives the list, (e;, --- , ea), as a function of its ele-
ments.

for ear [cdr [x]],

for car [cdr [cdr [x]]], etc.
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The following functions are useful when S-expressior;
are regarded as lists.

1. append [x; y].
append [x} yl = [null [x] = y; T — cons [car [x];
append [cdr [x]; il
An example is :
append [(A, B); (C, D, E)] = (A, B,C, D, E)

2. among [x; y]. This predicate is true if the
pression x occurs among the elements of the list y. We hare

among [x; y] = ~null [y] A [equal [x; car [y]]
\/ among [x; cdr b

3. pair [x; y]. This function gives the list of Painy oy
corresponding elements of the lists x and y. We have

pair [x; y] = [null [x] A null [y] = NIL; ~atom (x]
/\ ~atom [y] — cons [list [car [x]; car [y]]; ]
pair [edr [x]; edr [y~
An example is
pair [(A, B, C); (X, (Y, 2), U)} = ((A, X),
(B, (Y,2)), (C,T;

4. assoc [x;y]. If y is a list of the form ((y,, T
<<+, (U, va)) and x is one of the u’s, then assoc x; 514
the corresponding v. We have

assoc [x; y¥] = eq[eaar [y]; x] — cadar [y];

T — assoc [x; edr |y
An example is
assoc [X; ((W, (A, B)), (X, (C, D)),

(Y, (E,F)))] = (c,y,

5. sublis [x; y]. Here x is assumed to have the .
of a list of pairs ((w;,v;), -+, (Un, Va)), where the .
are atomic, and y may be any S-expression. The val.,‘,
sublis [x; y] is the result of substituting each v for the -
responding u in y. In order to define sublis, we first defy
an auxiliary function. We have

sub2 [x; z] = [null [x] — z; eq [caar [x]; 2] — cadar nj;
T — sub?2 [cdr fxl. .
o 7
sublis [x; y] = [atom [y] — sub2 [x; y];
T — cons [sublis [x; car [y]]; sublis [x; cdr(y
We have
sublis [((X, (A, B)), (Y, (B, C))); (A, X Y)]
= (A, (A, B),B




e. Representation of S-Funclions by S-Erpressions.

>S-functmns have been described by M-expressions. We
) - pow give a rule for trunslating M-expressions into S-
"% erpressions, in order to be able to use S-functions for
3§ paking certain computations with S-functions and for
. gnswering certain questions about S-functions.

F 5 which we denote the translation of an M-expression & by

&

1. If &€ is an S-expression E* is (QUOTE, §).

9. Variables and function names that were represented
by strings of lower-case letters are translated to the cor-

,espondmg strings of the corresponding upper-case letters.
&' Thus car* is CAR, and subst® is SUBST.

~ 3. Aformfle; ; - -+ ;eq]is translated to (f*, e,*, ,Ca*).
Thus {cons [car [x]; edr [x]}}* is ((‘0\\ s \l{ X),

- (CDR, X)).
"i ”Pl — & FuctEay pll = en“‘ IS (CO*\Dy (pl ’ el.)l

» ,. \-expression is label [subst; X[x; ¥; zl; [atom [z] —
E e by zl = X5 T — z|; T — cons |subst [x; y; car [z]];
B qbst [X; Y; cdr [z]}]]]] has the S-expression

(LABEL, SUEST, (LAMBDA, (X, Y, Z), (COND

~ ((ATOM, Z), (COND, (EQ, Y, Z), X), ((QUOTE,

T), 2))), ((QUOTE, T), (CONS, (SUBST, X, Y,
(CAR 2)), (SUBST, X, Y, (CDR, 2)))))))

This notation is writable and somewhat readable. It can
pe made easier to read and write at the cost of making its
. gtructure less regular. If more characters were available
on the computer, it could be improved considerably.

& [ The Universal S-Function apply. There is an S-func-

& \ion apply with the property that if f is an S-expression for

£ an S-function f’ and args is a list of arguments of the form

: f (argh, =+ » argn), where argl, ---, argn are arbitmry

. Sexpressions, then applylf; args] and f’[argl; - - - ; argn]

; are defined for the same values of argl, - -- , argn, and are
equal when defined. For example,

féxmyhmwwuulmuxB>«:Dn
E-  _ apply [(LAMBDA, (X, Y), (CONS, (CAR, X),
Y)); ((A, B), (C,D))] = (A,C, D)
The S-function apply is defined by
i apply [f; args] = eval [cons [f; appq [args]]; NIL]
_-' " where ~ i de antiold E,, evalguate (!,
_, ‘ppq [m] = [null [m] — NIL;
b T — cons [list [QUOTE; car [m]] appq [edr [m]]]]

(s 5.11;\)

The translation is determined by the following rules in -

‘With these conventions the substitution function whose °

P T4

and
eval [e;a] = [

atom [e] — assoc [e; a];
atom [car [e]] — [
eq [car [e]; QUOTE] — cadr [e];
- eq [ear [e]; ATOM] — atom [eval [cadr [e]; a]];
- eq [car [e]; 15Q] — [eval [cadr [e]; a] = eval [caddr [e]; a]};
- eq [ear [e]; COND] — eveon [cdr [e]; a];

eq [cur [e]; CAR] — car [eval [cadr [e]; al];

eq [car [e]; CDR] — cdr [eval [eadr [e]; a]];

eq [car [e]; CONS] — cons leval [cadr [¢]; a]; eval [caddr [e];

a]; T — ewal [cons [assoc [car le]; a]; i

2 (pat. €M), 7 mmmmmn?
5. (K% 5o xal; 8 is (LAMBDA, (x* A Xa®), eq [caar le]; LABEL] — eval [cons [caddar [e}; cdr lell; / 4
‘). o "‘L‘_/..,' N ap )Ty ; - -
6. {label [a; E}}* is (LABEL, a*, &*). o T /_“ - j Con TGae AT . CODS {list [cadar le]; car [f; a]], -

eq [caar fe}; LAMBDA} — eval [caddar [e];
, append [pau‘ [cadar [e]; evlis [cdr (e]; a]; all]

“ bwrtret o, A At
W@J-A;)C:I f[r._’,

[eval [caar [c]; a] — eval [cadar [c]; a};

T — evcon [edr [c]; a]]

—

3T e -

an& —“'(‘j') _;Q'

eveon [c;a] =

L
Fa -

and

evlis [m; a} = [null [m] — NIL;

T — cons [eval [car [m]; a]; evlis [edr [m]; a]]]

We now explain a number of points about these defini-
tions.

1. apply itself forms an expression representing the
value of the function applied to the arguments, and puts
the work of evaluating this expression onto a function eval.
It uses appq to put quotes around each of the arguments,
so that eval will regard them as standing for themselves.

2. eval [e; a] has two arguments, an expression e to be
evaluated, and a list of pairs a. The first item of each pair
is an atomie symbol, and the second is the expression for
which the symbol stands.

3. If the expression to be ev aluated is atomie, eval
evaluates whatever is paired with it first on the list a.

4. If e is not atomic but car [e] is atomic, then the expres-
sion has one of the forms (QUOTE, e) or (ATOMI, e) or
(EQ, e, e:) or (COND, (p:, e1), , (Pa, €a)), Or
(CAR, e) or (CDR, e) or (CONS, e, ,e;) or (f,e;, --- ,ea)
where f is an atomic symbol.

In the case (QUOTE; e) the expression e, itself, is taken.
In the case of (ATOM, e) or (CAR, e) or (CDR, e) the
expression e is evaluated and the appropriate function
taken. In the case of (EQ, e, e;) or (CONS, e, e;) two
expressions have to be evaluated. In the case of (COND,
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